The description of ultrashort laser pulse filamentation in condensed media as a spontaneous formation of X waves is shown to apply also to filaments generated in air. Within this framework, a simple explanation is brought for several features of the filament such as the subdiffractive propagation and the energy flux from the weakly localized tails of the X-waves to the intense core.
Understanding the physics that underly ultrashort laser pulse filamentation is a challenging task that must account for the many phenomena that are characteristic of filaments in all transparent media such as continuum generation, colored conical emission, pulse splitting and the formation of a high-intensity and strongly sub-diffractive core, i.e. a central peak whose width spreads at a slower rate compared to that of a Gaussian pulse [1] . This understanding is of paramount importance for applications, in particular in gases, such as nonlinear frequency conversion [2] , pulse compression [3] or plasma string generation [4] .The formation of long range filaments in air was reported for the first time by Braun et al. [5] , and explained as due to the Kerr-induced self-focusing which dominates over diffraction at sufficiently large input pulse powers. During the beam collapse high intensities are reached leading to ionization of the medium. Plasma-induced defocusing was proposed as a key player in the modeling of filamentation as a self-channeled light pulse or as a competition between nonlinear effects [6] . This understanding paved the way for many applications that rely on the formation of plasma strings within the filament such as induced lightning discharge [7, 8, 9] or efficient THz generation [10] . However, sub-diffractive propagation of intense light without significant ionization was also observed [11, 12] .
Filamentation in condensed media has been explained as a spontaneous formation and interaction of nonlinear X Waves [13] . X Waves are stationary solutions to the paraxial propagation equation that, in a finite energy realization, may propagate without dispersion and without diffraction over long distances and exhibit a conical energy flux with "X" shaped intensity tails in both the near field (r,t) and far-field (θ , λ ). Filamentation in air is associated to strong plasma generation and defocusing in a highly dynamical environment so that the presence of X waves that may still be considered as attractors for the pulse dynamics is far from obvious. Moreover, the energy flux established by the filamentation dynamics has never been previously shown to correspond to that of an X-wave. Here we show evidence that filaments in air may be interpreted as spontaneously generated X Waves, our results also establish that the subdiffractive propagation observed in the absence of plasma is sustained by an X-shaped conical energy flux refilling the intense core. Numerical simulations shown in this work were carried using a modified Nonlinear Schrödinger equation for the pulse envelope E ω,r,z = F (E t,r,z ), where F denotes Fourier transform, the derivation and details of which are recalled in Ref.s [1, 22] . All pulse parameters were chosen to match the experimental conditions described below and material parameters were chosen as described in Ref. [1] . Here we limit our description of the model by simply stating that we account for the full material dispersion, Kerr and delayed-Kerr (Raman) nonlinear response, plasma (generated by multiphoton and avalanche ionization) absorption and plasma defocusing described in the framework of a Drude model for inverse Bremsstrahlung processes, as well as the effect of nonlinear losses.
The experiments were carried out using 35 fs pulses centered at 800 nm with energy continuously tunable up to 40 mJ and 50 Hz repetition rate. The laser pulses were generated by an amplified Ti:Sapph system. Pulse duration and shape may be accurately controlled by an acousto-optic spectral shaper (Dazzler) inserted between the seed oscillator and the amplifier. Filamentation was observed without the need to focus the pulse although lenses with focal lengths up to 10 m were used in order to access the filamentation regime within the limited laboratory space. It is important to note that in the near-field (r,t) interference between the central spatio-temporal structure and the surrounding reservoir may impede any clear interpretation of [15] . On the other hand it has been pointed out that the far-field (θ , λ ) spectrum is the ideal space for observation of overall weakly localized wvepackets [16, 17] : the large reservoir reduces to peak centered at θ = 0 while the tightly focused (in the near-field) space-time structure is now spread over a large area and is thus clearly visible. The far-field (θ , λ ) spectra were measured with a commercial 1:1 imaging spectrometer (Andor Technologies) coupled to a modified color digital Nikon D70 camera with extended sensitivity from 400 nm to 1100 nm. Spectra were typically recorded with integration over ∼ 50 laser shots. In Fig. 1(d) we show the filament obtained after a 10 m focal length lens with 4 mJ input energy, as viewed on a piece of paper a few meters after its end. A bright white-light central spot can be clearly seen surrounded by concentric colored rings, i.e. colored conical emission (CE). In Figs.1(a) and (b) we show the (θ , λ ) spectra for filaments obtained with 2 m and 10 m focal length lens and ∼3 mJ input energy. The relative filament lengths were estimated to be roughly 1 m and 3 m, respectively. The CE starts to form only after the first ∼ meter and then gradually becomes visible as tails that extend toward blue-shifted wavelengths that are well separated from the axial supercontinuum (the central white spot in Fig. 1(d) ). For comparison colored conical emission becomes clearly visible in condensed media after the first few mm of the filament. However in gases the nonlinear Kerr coefficient, responsible for the pulse reshaping, is roughly 1000 times smaller so that we should expect the conical emission to become clearly visible only after a few meters as indeed observed experimentally. Fig. 1(c) shows the numerically simulated intensity spectrum plotted over 5 decades, with the input conditions of Fig. 1(b) and shows a good quantitative agreement with the experiment. We note that while CE has been explained as the result of a phase-matched Four Wave Mixing (FWM) process [18] , closer examination shows that this cannot explain any observed asymmetries [19] . Conversely the CE tails may be closely fitted using a three-wave mixing phase matching relation [20] or, equivalently, an analytical relation that describes the loci of the X Wave maximum intensity in the far-field [14, 23] :
where k ⊥ is the transverse wave-vector, k = ωn(ω)/c, k 0 = k = ω 0 n(ω 0 )/c is the wave-vector at the pump ω 0 , Ω = ω − ω 0 and v g is the group velocity of the X Wave pulse associated to the conical emission. The white solid lines in Figs.1(a)-(c) show the best fits obtained with Eq.(1) using the dispersion relation n(ω) for air [21] and confirm the remarkable precision with which this model is able to reproduce the conical emission features which may therefore be understood as a clear indication of X Wave formation the group velocity of which is determined by the fit. Notwithstanding the aforementioned technical difficulties in characterizing the filament near-field we may look for simpler evidence of X Wave formation e.g. by characterizing the beam spatial width evolution along the propagation direction. The solid line in Fig. 2(a) shows the numerically simulated Full Width at Half Maximum (FWHM) of the filament in the same conditions as in Fig. 1(c) . The colored contour map shows the calculated plasma density in logarithmic scale. The plasma channel reaches a maximum electron density slightly higher than 10 16 cm −3 and is maintained over a distance of roughly 2.5 m. The filament length is often defined as the length of the associated plasma channel: within this understanding the filament ends at a distance of ∼ 8.5 m. However we clearly observe that an intense spike continues to exist even after the end of the plasma channel and continues propagation without diffraction for another 1.5 m. This behavior is well reproduced by experimental measurements of the pulse FWHM (solid circles) obtained using photographic paper. Clearly in this region the subdiffractive propagation cannot be explained as a balance between Kerr self-focusing and plasma defocusing. It has been noted that GVD is an essential ingredient for the observation of self-guiding in the absence of ionization in air [24] . This is also a well-known characteristic of filamentation in condensed media that has been explained as due to the spontaneous formation of X Waves [13]. Sub-diffractive propagation with negligible ionization and the important role of GVD in air both find a simple explanation if we interpret the central spike as the central peak of one or more non-diffracting X Waves. This means that a balance between chromatic dispersion and diffraction actually prevails in sustaining the subdiffractive propagation of the filament core. Indeed the intrinsic angular dispersion (different frequencies propagating at different angles) of X Waves is such that dispersion and diffraction compensate each other: removing one or the other will result in a diffracting peak. A further validation of this idea comes from Fig. 2(b) : here we have taken the same numerical simulation in Fig. 2(a) (dotted line) and we have switched off all nonlinear effects at a distance z = 7 m, indicated by a solid line. Immediately after this point the linearly propagating peak FWHM increases by a factor ∼ 1.5 corresponding to the sudden removal of self-focusing effects (red solid line). However the successive 4 m of propagation are characterized by strongly sub-diffractive propagation as is clearly seen by comparison with the expected linear diffraction of a Gaussian pulse with the same FWHM at z = 7 m (blue dashed line). We note that the sub-diffractive distances in the linear (solid line) and nonlinear simulations (dotted line) are similar and for distances greater than 10 m the FWHM profiles in the two cases actually overlap. Finally Fig. 2(c) shows the spatial far-field pattern of the "linear" filament where the two peaks (i.e. a ring in the full transverse space) outline the conical nature of the pulse confirming that the filament may be understood as a spontaneous formation of conical pulses or, more specifically, X Waves. This two peaked structure starts to form straight after the nonlinear focus and persists over the whole filament length, although the visibility depends strongly on the intensity of the on-axis super-continuum. Finally, we consider the near-field transverse energy flux within the filament. This is advantageous as the linearly propagating reservoir has a rather low energy flux in the transverse direction which, on the contrary, is extremely lively in the nonlinear central portion Fig. 2(a) at a distance z = 7 m. The leading intensity peak clearly shows and X shaped profile the reflects the profile of the optical pulse. The leading X tail has an inward flux while the trailing tails has an outward flux. The diagram exemplifies this situation: plane waves propagating at an angle (i.e. along a cone) will give an X shaped energy flux in the region in which they overlap followed by an outgoing flux at the end of this region.
of the pulse. The energy flux in the transverse direction (radial) was obtained by monitoring
A similar quantity may also be defined for the longitudinal flux by substituting the radial derivatives with temporal derivatives (data not shown). Figure 3 shows the calculated transverse energy flux for the filament at a distance z = 7 m. The black line shows the on-axis intensity profile of the pulse which is characterized by a strong leading peak followed by weaker oscillations. The leading peak is associated to a transverse energy flux that has a distinct X shape with the leading tails that are directed inwards and the trailing tails are directed outwards. This flux distribution is very different from that of a Gaussian pulse and the schematic diagram shows that it is exactly the flux to be expected from an ultrashort conical pulse where the X shape reflects the profile of the corresponding X Wave. The full movie shows that the X shaped conical flux forms shortly after the nonlinear focus and maintains a stationary profile over a long distance (until refocusing toward the pulse center occurs). The X-shaped conical flux confirms that in gases, as in condensed media, pulse reshaping is driven by the approach toward an X Wave. Finally, the conical flux also gives a simple explanation to the robustness of filaments in the presence of obscurants [25] and connects the surrounding photon bath to the central peak [26] .
In conclusion we have shown that a number of features associated to ultrashort laser pulse filamentation in air such as CE, conical energy flux and sub-diffractive propagation in the absence of ionization or nonlinearities may be understood in terms of a spontaneous formation of X waves. Understanding that the filament pulse may be modeled as an X Wave would have an impact in many applications. For example the problem of creating longer and more stable plasma strings can be tackled by finding the X Wave or conical wave with minimized intensity fluctuations and longer sub-diffractive lengths while pulse compression may be optimized more effectively by flattening chirped phases in the spatial coordinate or in the full (r,t) domain rather than along the temporal coordinate.
